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Abst ract - -Th is  paper deals with one-dimensional simulation of heat waves, which occur in ma- 
terials affected by pulsed or continuous surface heat source. The mathematical model is constructed 
according to the extended hyperbolic heat conduction (EHHC) theory. Effects of relaxation um- 
bers, surface missivity, or surface heat convection transfer are discussed. The designed analytical- 
numerical simulation method is investigated to show special features and behavior of the method. 
Simulation examples are devoted to numerical oscillations and to ways of their minimization. Re- 
sulting temperature distributions from simulation experiments are complemented with instructions 
for use to obtain better accuracy and to suppress undesirable oscillations. (~) 1999 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
The classical parabolic heat conduction model, based on the Fourier law of heat propaga- 
tion and used in many heat conduction problems, predicts a nonphysical infinite speed of heat 
conduction. The general model of heat conduction considered here is more physically realistic 
due to a finite speed of heat wave assumption and microscale ffects description. The evolution 
of advanced production technologies utilizing intensive heat sources brings a necessity to con- 
sider, besides the still used laws of diffusion heat conduction in materials, laws of nonequilibrium 
thermodynamics. Various types of thermal systems and technologies and corresponding thermal 
surface loadings are briefly summarized in [1]. 
At present he hyperbolic heat conduction (HHC) theory, based on assumption of finite prop- 
agation velocity and connecting wave and diffusion behavior of heat conduction inside materials, 
is used to solve these problems. The detailed review of published works from this field of re- 
search was presented in [2,3] and later in [4]. The works contain most ly theoret ical  mathemat ica l  
e laborat ions and part icu lar ly  also physical aspects discussion. Exper imenta l  solutions to prove 
theoret ical  conclusions are very sporadic in the l i terature. Paper  [5] belongs among them and 
presents exper imenta l  evidence of the wave nature of heat propagat ion in processed meat.  The 
theoret ical  investigations of the behavior of thermal  waves in various s i tuat ions and the compar-  
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ison with results obtained by the classical diffusion theory were presented in [1,4,6] and many 
others. 
2. MATHEMATICAL  MODEL 
2.1. Heat  Conduction Equation 
The mathematical model of EHHC theory can be derived using various approaches [1,7,8]. 
In spite of the fact that the overwhelming majority of technology processes have a nonlinear 
character, for further consideration it is sufficient o confine ourselves to the linear form of the 
equations and their one-dimensional forms. Also, inner heat sources or motional terms are not 
considered. As such, the general heat conduction equation can be written in dimensional form 
in case of constant thermophysical material properties as 
Tq c92T 10T  02T 0 (02T~ 
a Or ---~ + - - -  + Tr , (1) a Or Oz~ ~ \-b-'~x 2 ] 
where T is the temperature, a is the thermal diffusivity, ~- is the physical time, and Tq is relaxation 
time (time lag) of heat flux. rT is relaxation time of the temperature gradient. 
Equation (1) can be transformed into the dimensionless form 
0o 0 {0 o h 
Foq ~ "~ Of--'-'o = ~ + ROT ~ k OX2 ] , (2) 
where Foq = (aTq)/L 2, FOT = (aTT)/L 2, Fo = (aT)/L 2, 0 = (T - To)/Tref, X = z /L  are 
dimensionless rq, TT , r, T, x. 
The general model (equation (1), respectively equation (2)) in the form of the heat conduction 
equation can be also expressed as two coupled equations, i.e., energy conservation equation and 
modified Fourier law describing heat flux as 
OT Oq 
~cp ~ = - 0- ; '  (3) 
oq (OT O OT) 
rq -~r + q = -)~ -~x + rT -~T -~X , (4) 
where q is heat flux density, Cp heat capacity, A thermal conductivity. The dimensionless expres- 
sion has the following form 
O0 OKi 
. . . .  (5) 
OFo OX ' 
OKi O0 0 O0 
Foq -~o + K i  - OX Fo7 0Fo OX' (6) 
where Ki = (qL)/ATref is dimensionless q. 
The more general so-called extended hyperbolic heat conduction (EHHC) theory moreover 
reflects amicroscopic approach to the heat ransfer mechanisms description. The most illustrative 
situation occurs in case of metals, where electrons and phonons (lattice vibrations) with different 
temperatures are the coupled basic energy carriers. Formulation of the mathematical model for 
metals was published, for example, in [8-10]. For other types of materials the EHHC model can 
also be derived but the description and physical explanations are not so straightforward. A unified 
field approach for heat conduction from macro- to micro-scales was presented in [10] as the dual- 
phase-lag concept accounting for time lags of the heat flux vector and the temperature gradient. 
The same results in the form of general Fourier-Kirchhoff equation have been also obtained by 
[1] from the heat balance in the elementary material volume. Experimental evidences of the 
mathematically described phenomena are very difficult but not impossible ase paper [ll] shows. 
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The results of EHHC theory are often very different from the results produced by the diffu- 
sion theory in a thin surface layer at low temperatures or when a material surface is affected by 
intensive heat sources as lasers, electron beam, etc. Disregard of these differences summarized 
in [4] could bring a limit to the practical utilization of technologies. However, the definition of 
time and space regions, where the assumption of microscale ffects is necessary or where the 
Fourier diffusion model is wrong, is always a problem. Computer simulation of thermal processes 
according to the mentioned theories is an important tool for investigating the behavior of energy 
transfer that determines a temperature distribution i various materials and in various technology 
processes. Utilization of standard numerical simulation techniques i  often limited mainly in the 
case of pulsed thermal wave propagation, which is accompanied by sharp wavefronts and jump 
discontinuities in temperature fi lds. The present analytical-numerical simulation method utiliz- 
ing Laplace transforms [12] and hyperbolic shape functions [13] was proposed and constructed to
compute temperature distributions with sharp wavefronts for EHHC problems. The method has 
the possibility of suppressing undesirable numerical oscillations [14] and the ability to determine 
temperature at some time without computations of temperatures in previous times. 
2.2. Boundary  Condit ion 
To complete the mathematical model, it is necessary to discuss various kinds of boundary 
conditions. From our point of view, the radiative boundary condition is important and we 
confine ourselves to this condition. The other boundary conditions and their connection to the 
method have been discussed in [14], but in a slightly different form according to HCC theory. 
The general radiative boundary condition is written in dimensionless form 
Ki = S is (  Fo) - Sf ( es4(  Fo) - ep4  ( Fo) ) - Bi ( Os(  Fo) - ep(  Fo) ) , (7) 
where Ki is the surface heat flux density, Sf the Stefan number epresenting surface absorptivity 
or emissivity, Bi the Biot number epresenting heat transfer by convection between the material 
surface (temperature Os) and outer space (temperature OR). So equation (7) contains the 
situation, where a material surface is subjected to the heat flux and dissipates heat by radiation 
and by convection out of the material body. 
With regard to the dimensionless parameters, it is necessary to point out that they are the 
dimensionless criteria constructed with agreement to the theory of similarity, that allows the 
generalization f results to physically similar systems and also the definition of the scales between 
the model and reality. 
3. ANALYT ICAL-NUMERICAL  S IMULAT ION METHOD 
The designed simulation method has an analytical and a numerical part. 
3.1. Uti l ization of Laplace Transformation 
First, the partially differential equation is transformed to the ordinary differential form. The 
Laplace transformation 
L(O(X ,  s)) = e-8"F°ig(X, Fo) . dFo (8) 
is used to remove the time-dependent terms from equation (2) and equation (7). 
With respect o the most usual initial conditions 
o(x ,  0) = o0 = 0 
oo  (x ,0 )= __°°0 = 0 (9) 
OFo OFo 
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the transformed equation (2) and equation (7) become 
o2L((9) (1- FOqS 
OX 2 s ,. ~ - ~OTS ] L((9) = O, 
L(Ki)  = L(Kis)  - L (S f ((9 4 - 04))  _ L (Bi((9 - (gp) ). 
(i0) 
(11) 
The derivation of equation (11) will be explained in detail, because some steps are nontrivial. 
First, the material parameters Sf, Bi, and (gp  are  assumed to be constant. Second, the radiation 
term is linearized according to [13] 
(94 = 4~3(9 _ 304, (12) 
where O is the surface temperature calculated in previous iteration steps. Finally equation (11) 
is combined with the transformed equation (6) to give 
(l+_FoqS~l + FOTS/ 02L(O--~)=L(Kis)-Sf(4(~3L(9)+-3~)4-404p)-Bi(L(9)-~)OX 2 s . (13) 
3.2. Discretization 
The ordinary differential equation is solved using the control volume method. Temperatures 
in regions among points of the discretization grid are assumed to have the form of the so-called 
shape function. The selection of the shape functions is an important step for stability of the 
method [14]. 
The hyperbolic shape function [13] could be obtained as a solution of the homogeneous equa- 
tion (10). So the analytical solution in the interval <X~, Xi+l) is 
~(X) = sinh(x(X,+ 1 _ X,)) [sinh(x(X,+l - X))(~, + sinh(x(X - Xi))Oi+l], (14) 
where 
X 2=s  l+FoTs]"  (15) 
Integrating equation (14) within the i th  control volume, inserting equation (14), and evaluating 
the resulting integral produce the following discretized form 
X L(Xi-1) - [Xcosh(x(Xi - Xi-1)) Xcosh(x(X,+l.j:.Xi))] 
sinh(x(X~ - X~-I)) [ ~ ' - -~Y i - - -~  + sinh(x(X~+l - X¢)) J L(xi) 
_~ X L(X~+I)  = O. 
s inh(x(Xi+l  - Xi)) 
(16) 
The same procedure is applied to solve equation (7). As a result, equation (13) is converted to 
[ -  cosh(x(X2 - Xl)) - -  (4SfO1 s + Bi) _X sinh(x(X 2_ X1))] L(O1) + L(O2) 
8 
= - ( L(KiS) + 3Sf(~41+ SfeaP + BiOP ) s X s inh(x(X2-X1))" s
(17) 
In matrix notation equation (16) and equation (17) become 
[K]. {L(O)} = {1}. (lS) 
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3.3. Numer ica l  Rea l i za t ion  
The nodal dimensionless temperature distribution can be determined numerically by utilizing 
any algorithm for complex matrix problems [14] and numerical inversion of the Laplace transform 
technique [12]. 
The numerical inversion method for Laplace transforms [12] is used as a black box and with 
respect o simulation requirement it is possible to select various parameters [14]. In particular, 
number of function evaluations (NS1) belong to the most efficient parameters. To complete 
the description of the Laplace inversion algorithm, allow me to quote from the abstract of the 
paper [12]. 
"The method is based on Fourier series expansion. The disadvantages of the inversion 
method of that type, the encountered dependence of discretization and truncation error 
on the free parameters, are removed by the simultaneous application of a procedure for 
the reduction of the discretization error, a method for the convergence acceleration of
the Fourier series and the procedure that computes approximately the 'best' choice of 
the free parameters." 
4. RESULTS 
Results are divided into two spheres. Former differences between diffusion and EHHC theory 
will be shown on a problem with constant boundary condition. Effects of various radiation and 
convection heat losses will be presented. Also, a pulsed boundary condition and the behavior of 
the method will be discussed. 
The general problem explored here is schematically graphed in Figure 1. It concerns heat 
conduction in a one-dimensional finite slab. The right wall is assumed perfectly insulated. The 
left surface is subjected to heat flux (constant or pulsed character) and the heat absorbed by the 
surface is dissipated by convection and radiation back to the ambient. 
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Figure 1. Schematic diagram of a heat conduction example in a finite slab with 
radiative and convective surface losses and with a continuous or pulsed heat surface 
source. 
4.1.  Extended Hyperbo l i c  Heat  Conduct ion  Theory  
Special features of EHHC theory are demonstrated on this problem with a constant surface 
heat flux. Resulting temperature distributions at time Fo = 0.8 are shown in Figure 2. The 
material of the slab is represented by the relaxation time of heat flux FOe and by the relaxation 
time of temperature Far.  If Fo e is dominant (FOe = 1.0, FOT = 0.0), the wave behavior of 
heat propagation is revealed. The sharp wavefront moves through the material and the wave 
238 M. HONNER 
1.4 
1.2 
CDI.O 
W 
~0.8 
<IZ C~ 
WO.6 
(3. }- 
W 
~-0.4 
0.2 
Foq= 0.00 
. ~ FoT= 0.00 
l ~ Foq= 1.00 ~ oT= 1.00 
Foq=O.O0 -~ i ,~ .~-  . . . . . . . . . . .  
FoT= 1.00 - "~ ,.,.,.,.,.~+:;; 
Process  : 
Foq: 1. O0 
FoT= 0,00 
Fo= 0.80 
Kis= 1.00 
8p= 0.00 
Bi= 0.00 
Sf= 0.00 
~ r z : r ~ _ c = _  
0"8.0 0.2 0.4 0.6 0.8 1.0 
SPACE X 
Figure 2. Effect of relaxation umbers Foq, F~ on the temperature distribution in 
a slab affected by a constant heat surface source without losses. 
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Figure 3. Effect of various urface missivity Sf on the temperature distribution in a 
slab affected by a constant heat surface source with radiation losses. 
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Figure 4. Effect of various urface heat transfer by convection Bi on the temperature 
distribution in a slab affected by a constant heat surface source with convection 
losses. 
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decays continuously. Later, the behavior gradually changes into diffusion. These results are in 
accord with the HHC theory, where Foq is obtained from the finite propagation of a thermal 
wave in a material. The EHHC theory describes microscale heat transfer through the second 
relaxation time FoT. The temperature distribution in the case of FOT dominance is represented 
by the curve Foq = 0.0, FOT = 1.0. Although the FOT number is often reffered to as time-lag of 
temperature, in reality in the case Foq < FOT the heat propagation is accelerated in comparison 
with Fourier's diffusion. If both relaxation times are equal (Foq = 1.0, FOT = 1.0), the resulting 
temperature distribution and heat propagation behavior are identical with those obtained by the 
commonly used diffusion theory (Foq = 0.0, FoT ---- 0.0) that assumes no relaxation times. 
The different effect of relaxation times, Foq, FOT, is also clearly expressed in equation (10) 
in the complex domain after the Laplace transformation of the heat conduction equation (equa- 
tion (2)), where Foq causes delay and FOT accelerates heat propagation. The same effect can be 
revealed in expressions of boundary conditions equation (13). 
However, the dominance of FOT brings also interesting results. We confine our discussion to 
the wave behavior caused by Foq, because jump discontinuities occurring in heat waves motion 
are suitable for testing the properties of the simulation method. Figures 3 and 4, show the effect 
of radiation and convection losses, respectively, for various Sf and Bi values. 
4.2. Simulation of Thermal Waves 
Properties of the simulation method in conjunction with the wave nature of heat conduction 
will be discussed in the case of problems with pulsed surface heat flux without loss to the ambient. 
Utilization of the method in various situations reveals that the temperature distribution can 
not be determined accurately closely behind the origination of a jump in a temperature field. 
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Figure 5. Effect of increasing t ime Fo on the temperature distr ibution in a slab 
affected by a pulsed heat surface source without  losses. 
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This phenomenon is undesirable especially, when a heat wave with two wavefronts, caused by 
the pulsed surface heat flux, is simulated. Therefore, we confine ourselves to pulsed heat wave 
simulation and will attempt to find the most efficient parameters to dampen the oscillations. 
Results with various parameters of pulsed heat wave simulation will be compared with optimal 
parameters [14] for constant boundary conditions. 
Figure 5 shows the propagation of a thermal wave over time with a gradual decrease in oscilla- 
tions. While the temperature expressing the wave is determined fairly accurately, temperatures 
in the region behind the wave do not seem accurate. 
The number of discretization grid nodes was examined as the first possible parameter. Figure 6 
demonstrates that the number of nodes does not influence the origination of oscillations. The 
discretization grid must be so dense in order to express the wave with the required amount 
of points. Further, increasing the number of nodes does not cause any improvements and the 
simulation time is large. 
A nonuniform grid was examined as well. Results in this case are worse then in the case of a 
uniform grid. A nonuniform grid causes instability when sharp discontinuities occur. Therefore, 
a uniform grid is recommended for wave simulation. On the other hand, a nonuniform grid 
can be successfully applied for diffusion-like propagation when microscale effects with FOT are 
investigated. 
The number of function evaluations in the inverse Laplace transform algorithm (NS1) was 
found to be the most effective parameter for problems with constant boundary conditions [5]. 
The effect of NS1 on the pulsed wave computations is shown in Figures 7 and 8. 
Figure 7 shows a simulated temperature distribution at time Fo = 0.9 which is near to the 
beginning of the process, where oscillations were still manifested. Results for lower NS1 are 
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Figure 7. Effect of parameter NS1 at Fo = 0.9 on the temperature distribution in a 
slab affected by a pulsed heat surface source without losses. 
0.8 1.0 
B v f  
without oscillations behind the wave, but the oscillations appear in the region of the wave. 
Increasing NS1 improves the resulting temperature in the region of the wave. However, if NS1 is 
too big, then increasing oscillations behind the wave occur. 
Figure 8 shows a similar situation at time Fo  = 2.7. Lower NS1 is not sufficient for an accurate 
determination of sharp changes. Increasing NS1 produce better results. 
From these results one may conclude that the region behind the wave can be computed with 
lower NS1 and the region of the wave can be computed wth higher NS1 to produce more accurate 
results and to suppress the numerical oscillations. 
5. CONCLUSION 
The EHHC theory and also the HHC theory as its special case have been developed largely in 
a theoreticM sphere. An experiment with pulsed laser or electron beam heat source on a material 
surface is needed in order to verify the theoretical conclusions in a real environment. The present 
simulation method was designed to reveal the behavior of heat propagation according to EHHC 
theory and especially to build a model for the elucidation experiment. Some figures are presented 
to explain the nature of the EHHC in solid materials. The effect of relaxation numbers is also 
clearly expressed in a form obtained as a Laplace transformation of the general heat conduction 
equation. 
The method gives reliable results when sharp thermal waves are not found in the temperature 
field. If jump discontinuities occur in the resulting temperature distribution, undesirable numer- 
ical oscillations can appear in a small region around the discontinuity, but they do not influence 
the accuracy of results in the rest of the explored region. This conclusion is valid for problems 
with constant or constant-like boundary conditions. However, utilization of the method with 
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Figure 8. Effect of parameter NS1 at Fo = 2.7 on the temperature distribution in a 
slab affected by a pulsed heat surface source without losses. 
pulsed boundary conditions can cause some troubles and this paper is devoted to this particular 
aspect. 
Various parameters were used to investigate the behavior of the method and results of the 
simulations yield the following guidelines. At the start, when the heat source is active, the prob- 
lem can be solved with constant boundary conditions without any difficulties. Then the pulsed 
boundary condition has to be applied and oscillations appear almost only around the jump dis- 
continuity. An equidistant discretization grid is proposed to be constructed with respect to the 
heat pulse duration and to the overall size of the explored region. The number of function eval- 
uations in the inverse Laplace transform algorithm was found to be the most efficient parameter 
to improve the accuracy, but the higher amount of function computations need not lead to better 
results, as the discussion shows. 
In spite of the fact that the method can cause some problems in the case of pulsed boundary 
conditions, it works well in the majority of problems and it has one advantage compared to the 
other simulation methods. The resulting temperature distribution at a given time is obtained 
without step-by-step computations of the temperature field from the start of the process. On 
the other hand, utilizations of the method bring difficulties, if nonlinear problems with time or 
temperature dependent parameters are encountered. 
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